Abstract: Quantum analogues of the Neumann and Hankel functions of integer order are introduced as the non-regular solutions at z = 0 of the q-Bessel equation.
Introduction
The Hahn-Exton q-Bessel functions J q n (z) which are closely connected to the quantum group of the plane motions E q (2) are well known [1, 2, 3, 4] . They are the solutions of the q-Bessel equation which is related to the e-value equation for the Casimir operator of the enveloping algebra U q (e(2)). There is a rather extensive literature on the properties of J q n (z) [1, 5] . On the other hand, to our knowledge the q-analogues of the functions not regular at z = 0, that is of Neumann and Hankel functions have not been addressed.
Purpose of this note is to introduce the solutions N q n (z) and H
(1,2)q n (z) of the q-Bessel equation which are not regular at z = 0. In q → 1 limit they become the usual Neumann and Hankel functions. It is well known that the non-regular solutions are important, since the Green functions are given in terms of them. For example the q-Legendre function of the second kind Q q (z) shows up as the Green function on the quantum sphere [6] . The recently obtained Green function on the quantum plane is in fact the q-Hankel function with index n = 0 [7] .
q-Neumann and q-Hankel Functions
The Hahn-Exton q-Bessel function of integer order n is given by
where
The above q-Bessel functions are regular at z = 0, and they are the matrix elements of the unitary irreducible representations of the plane motions quantum group. They satisfy the following q-differential equation
One can directly check that the q-differential equation (3) also admits the solution which is singular at z = 0, given by
Here n + 1 is a natural number and C is a constant. If we choose C as the Euler constant, the solution N q n (z) becomes exactly the Neumann function in q → 1 limit [8] .
Having the q-Neumann functions in hand it is natural to introduce the q-Hankel functions of the first and second kinds in a fashion parallel to the classical case as H 
Note that the previously obtained Green function on the quantum plane is the q-Hankel function (7) with n = 0 [7] .
